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Extremal Reversible Measures for the Exclusion
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The invariant measures .# for the exclusion process have long been studied and
a complete description is known in many cases. This paper gives characteriza-
tions of .# for exclusion processes on Z with certain reversible transition kernels.
Some examples for which .# is given include all finite range kernels that are
asymptotically equal to p(x, x+1)= p(x,x—1)=1/2. One tool used in the
proofs gives a necessary and sufficient condition for reversible measures to be
extremal in the set of invariant measures, which is an interesting result in its
own right. One reason that this extremality is interesting is that it provides
information concerning the domains of attraction for reversible measures.

KEY WORDS: Exclusion process; invariant measures; extremal invariant mea-
sures; domains of attraction.

1. INTRODUCTION

Given a countable set % and a corresponding probability transition func-
tion p(x, y) satisfying sup, 3, p(x, y) <oo, IPS (Liggett®™) constructs and
describes the exclusion process on {0, 1}”. Its generator is given by the
closure of the operator 2 on 2({0, 1}”), the set of all functions on {0, 1}
that depend on finitely many coordinates. If f e 2({0,1}%) and 7,, is
defined as

n(y) if u=x
Ny ={nlx) if u=y
n(u) if u#x,y
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then

Qfm= Y  pCLf,)—fm]

n(x)=1,7(y)=0

The semigroup of this process will be denoted by S(¢).

When p(x, y) = p(y, x) the process has been completely studied in
that a full description of its invariant measures is known as well as their
respective domains of attraction. The asymmetric exclusion process on the
other hand has been much more elusive. General classes of invariant mea-
sures are known in the two cases where p(x, y) is doubly stochastic (i.e.,
Y ies P(x,y)=1 for all y e &) or when there exists a reversible measure
n(x)>0 on & (i.e., a measure satisfying 7(x) p(x, y)==n(y) p(y, x)).
However, a complete description of .# is known only in the three cases
when either

(a) p(x, y) is reversible and positive recurrent for either the particles
or holes (1’s or 0’s);?

(b) p(x, y) corresponds to certain random walks on Z;*7 or

() p(x, y) corresponds to a birth and death chain on Z*.”

Almost nothing is known about the domains of attraction concerning
invariant measures in the asymmetric case, although we note here that
there are some nice theorems concerning the case where p(x, y) is an
asymmetric simple random walk on Z (see Liggett®).

Our purpose in this paper is to shed some more light on the problem
of classifying .# and its respective domains of attraction for the asymmetric
exclusion process when a reversible measure 7(x) exists for p(x, y). In
order to describe the results of this paper we must first discuss case (a) and
state a special case of (b) above.

We start by stating what is known for the mean zero case of (b). Let
v, be the product measure on {0, 1}* with marginals v,{n: n(x) =1} = p.
Liggett™ uses a coupling of two exclusion processes to show that when
p(x, ) =p0, y—x), >, |x] p(0, x) <0, and >, xp(0, x) =0 on Z the set
of extremal invariant measures is

L =1{v,0<p<1}. (1)

Before describing the invariant measures for case (a), we define some
extremal reversible invariant measures {v™} when a reversible measure
n(x) satisfying

Y w(x)/[1+7(x)]* <0 (@)

x
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exists. This family of extremal reversible measures was first discovered by
Liggett. In particular, he breaks down (2) into three cases and writes

1. IfY, n(x) <oo, let 4, = {n: X, n, = n} for nonnegative integers .

2. Y. 1/a(x)<oo, let A4,={n: 3, [1—n,]=n} for nonnegative
integers n.

3. If Y. a(x)/[1+n(x)]*<0, 3, a(x)=00, and 3, 1/7(x) =0,
there exists a 7' S for which ¥, ., 7(x) <o and Y ;7 1/7(x) <oco. In
this case, let

A={n T a3 1-n001=n}

xeT x¢T

for integers n.

To define {v™}, let v* be the product measure with marginals v*{z: 7(x)

=1}= 1;’;%) Liggett shows that the measures

vOC) =vi(-|4,),  vI()=d, vTI()=4

are the unique stationary distributions for the positive recurrent Markov
chains on 4,. A simple consequence of Theorem B52 in ref. 9 is that the
reversible measures {v™} are extremal in the set of invariant measures. For
the first two cases in the trichotomy of (2) above, these are the only extre-
mal invariant measures. These first two cases correspond exactly to (a)
above. Note that changing 7 in the third case of the trichotomy above
amounts to a relabeling of the sequence {v*, ne Z}.

Whenever a reversible measure 7(x) on & exists, the product measures
{v°} are well-defined. Theorem VIIL.2.1 in IPS tells us that these measures
are invariant for the exclusion process. Applying Kakutani’s Dichotomy
(e.g., p- 244 of ref. 4) we have that 3, n(x)/[1+7n(x)]*= oo is a necessary
and sufficient condition for the measures {v‘:0<c¢< oo} to be mutually
singular. Since all the results in this paper concern the reversible measures
{v}, we will assume throughout the rest of the paper that n(x) satisfying
n(x) p(x, y) =n(y) p(y, x) exists.

In Section 2 we prove Theorem 2.1 which states that > . z(x)/
[1+7n(x)]*=o0 is exactly the situation in which the measures v° are
extremal invariant. Not only does this result have some nice applications,
but knowing that an invariant measure is extremal in the set of invariant
measures has always been an interesting question concerning particle
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systems. Examples of such results are Theorem IIL.1.17 in ref. 9 and
Theorem 1.4 in ref. 10. The main reason extremality of invariant measures
is interesting is its close connection with ergodicity. This is seen by the
application Theorem III.1.17 in ref. 9 to prove Theorem II1.4.8 in ref. 9
concerning the tagged particle process; it is again seen by the applica-
tion of Theorem 1.4 in ref. 10 to certain central limit theorems given in
ref. 6. In particular, if the initial measure for a process is an extremal
invariant measure then the process evolution is ergodic with respect to time
shifts.

Sections 3 and 4 use Theorem 2.1 to extract information about the
invariant measures of the process on Z. In particular, Section 3 modifies
Liggett’s original proof of the result stated above Eq. (1) to obtain the
following result:

Theorem 1.1. Let Z be irreducible with respect to a transition
kernel p(x, y) for which there exists a reversible measure n(x). Suppose
¢:(z) is a transition kernel such that ", z¢;(z) =0 and Y, |z| ¢;(z) < oo for
i =1, 2, and suppose that

lim Y Y |p(x,x+z)—q,(z)] =0  and
K=o x>0 |z>x—K]

3)
lim Y ) |p(x,x+z)—q,(z)|=0.

K> x<0 |z>x+K]|

(@ If>, n(x)/[1+7r(x)]*>=o0then £ = {v: 0 < c < o0}.
(b) If >, n(x)/[1+7r(x)]*> < oo then £ = {y™}.

In essence the above theorem says that when the transition probabilities
are asymptotically translation invariant and have an asymptotic mean of
zero, the reversible measures are the only invariant measures. Theorem 1.1
is merely an extension (in the case where 7(x) exists) of the theorem proved
by Liggett” which is stated above Eq. (1).

Condition (3) may seem somewhat daunting, but note that if
lim,_ , p(x, x+z)=¢q,(z), lim,, _, p(x,x+z)=¢q,(z), and p(x, y) has
finite range (i.e., p(x,y)=0 if |x—y|>n for some n), then (3) and
>, |zl ¢:1(z) < oo are both automatically satisfied. Also, the below condition
which is somewhat easier to grasp than (3) implies (3):

Y Y |p(x, x+2)—q(z2)| <00 and Y Y |p(x, x+z)—q,(2)| < oo.

x=0 z x<0 z
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A typical situation for which the theorem holds is when the transition rates
are nearest-neighbor and are given by p(x, x+1) = p(x, x—1) = 1/2 except
for finitely many x.

Note that the premises of the theorem together with the assumption
that a reversible 7(x) exists imply that ¢;(z) must be symmetric. To see this
suppose ¢,(z) is not symmetric. Also, assume that ¢,(z,) > ¢,(—z;) > 0 for
some z; € N. We can do this without loss of generality since ¢,(z) >0
implies ¢;(—z) > 0 by the reversibility of #(x). The mean zero assumption
tells us there exists z, € N such that ¢,(z,) < ¢,(—2z,). If z; is a multiple of
both z, and z, then since p(x, x+z) — ¢,(z) we can find x; so that for
x>x;, n(x)<m(x+z;). But we can also find x, so that for x> x,,
n(x) > n(x+z,;), a contradiction. So ¢,(z) must be symmetric. The proof
that ¢,(z) is symmetric follows similarly.

The proof of the above theorem follows Liggett’s original outline
and does not actually require Theorem 2.1. However, the usefulness of
Theorem 2.1 is seen in the simplification of one part of Liggett’s original
proof.

In Section 4 we prove a theorem concerning the nearest-neighbor
exclusion process on Z. For the statement of the theorem we will need the
following definitions.

Let &~ be the set of limit points of {n(x), x <0} and £* be the set of
limit points of {n(x), x > 0}.

Theorem 1.2. Suppose that inf, ,_, p(x, y) >0 for a nearest-
neighbor exclusion process on Z. Then nonreversible invariant measures
can exist only when either (a) ¢~ = {0} and ¥* = {0} or (b) ¥ = {0}
and #* = {0}.

The above theorem in no way guarantees the existence of nonrever-
sible invariant measures as seen by the following example. Let

p(=1,-2)=p(=1,0) = p(0, -1) = p(0, 1) = 1/2,

[x]+1 . “)
otherwise.
2 |x|

p(xax+1)= l—p(x,x—l)Z

This transition gives us situation (a) in the theorem above. The reversible
invariant measures {v‘} certainly exist, but it is easy to see that condition
(b) of Theorem 1.1 is satisfied by (4), therefore there are no nonreversible
invariant measures.
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A curious aside is as follows. If in this example we start this process
off with initial measure v, and take the limit of some converging sequence
of measures

Tl LT" v,8(t) dt )

then Theorem 1.1.8 in IPS says that this limit is an invariant measure for
the process. In view of the previous discussion, this limit must converge to
some mixture of the extremal invariant measures {v", —o <n<oo}. It
would be interesting indeed to find out which mixture (5) converges to.
Note here that we started off with an initial state that concentrates on an
uncountable number of states, but the limiting distribution concentrates on
a countable number of states (which may very well be just the point masses
of all 0’s and all 1’s).

If p(x, y) is an asymmetric, nearest-neighbor random walk kernel with
nonzero mean then we have one of the situations described in the theorem
above, and one might correctly guess that there exists some nonreversible
invariant measure. In fact, a well-known result of Liggett” proves that the
measures

,:0<p< 1) ©)

are invariant measures. Since any limit of (5) is invariant, we intuitively
might have expected this. More precisely, if there were no nonreversible
measures then this limit would presumably be a mixture of the reversible
measures v¢. But it is intuitive that there is no mixture of v*’s to which this
limit could converge, leading us to believe that the limit converges to some
other measure.

We note here that the set of measures in (6) is the same as the set of
measures in (1) but are of an entirely different nature. In the setting of (1)
the measures {v,: 0 < p <1} are reversible and constitute the entire set of
extremal invariant measures. On the other hand, under the current setting,
the measures {v,: 0 < p < 1} are not reversible and

L={v,:0<p<1} U {y:0<c< oo}

The discussion in the previous paragraphs might make us wonder for
which transition kernels a nonreversible invariant measure exists. To gain
more insight into the situation we introduce a concept known as the flux of
an invariant measure y. We will continue to assume that the transition
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probabilities are nearest-neighbor, but we will no longer assume they are
translation invariant. Define

flux(u) = p(x, x+1) p{n: n(x) = 1, n(x+1) = 0}
—p(x+1,x) u{n:n(x)=0,n(x+1)=1}. @)

Let 1,(57) = n(x) be the indicator function of {5#(x) = 1}. By computing the
positive and negative terms of the left-hand side of | 21, du =0 it can be
seen that flux(u) is independent of x.

When an invariant measure u is reversible it can easily be seen from
(7) that flux(u) = 0. So if an invariant measure exists whose flux is nonzero
it must be nonreversible. For the process with p(x,x+1)>1/2 and
p(x, x—1) =1—p(x, x+1), the invariant measures {v,: 0 < p <1} all have
a positive flux with the flux being maximized when p =1/2 (a full discus-
sion of this can be found in either ref. 5 or Part III of ref. 9). This positive
flux is the reason why (6) is fundamentally different from (1). It would be
quite nice if one could prove that some nonreversible invariant measure
exists whenever p(x, x+1) > 1/2+¢€ for all x. The € here serves the role of
providing some positive flux in the limit.

Finally, Section 5 will apply Theorem 2.1 to give information con-
cerning the domains of attraction (in the Cesaro sense) of reversible mea-
sures in the case where 3", 7(x)/[1+7(x)]* = co. The results of Section 5
only give sufficient conditions for Cesaro convergence to an invariant
measure, but are nonetheless interesting since so little is known concerning
domains of attraction for the asymmetric exclusion process. The key
known results concerning domains of attraction of asymmetric exclusion
processes are stated in Andjel et al.” They concern the limiting distribution
of exclusion processes with asymmetric nearest-neighbor random walk
kernels when the initial measures are certain product measures. To get an
idea of how difficult it is to prove anything of this sort, we refer the reader
to ref. 2.

The fact that Theorem 5.1 concerns Cesaro convergence rather than
the usual weak convergence, while undesirable, is not so bad since many
results in particle systems concern Cesaro convergence (see Section 1.1 in IPS).
One notable example of this is the main result of Andjel” which concerns
the Cesaro convergence of certain initial product measures when the tran-
sition kernel of the exclusion process is an asymmetric nearest-neighbor
random walk. In fact these results were later shown to be true for weak
convergence (this was the goal of Andjel et al.”). We note here that
Theorem 5.1 does not use the property of reversibility, therefore one can
apply the theorem to situations in which one knows that a particular
invariant measure is extremal in the set of invariant measures.
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2. EXTREMAL REVERSIBLE MEASURES

In this section we state and prove Theorem 2.1. The common tech-
nique used in the proof of this theorem and in the proofs of most of the
other results in this paper is the coupling technique. We now define the
basic coupling of #, and &, which lets the two exclusion processes move
together as much as possible. The generator for this coupling is the closure
of the operator Q defined on 2({0, 1}¥ x {0, 1}):

‘éf(”, f) = Z p('x9 y)[f(nxya éxy)_f(na 5)]
n(x)=¢(x)=1,n(y)=¢&(y)=0
+ . PO VL (1, O = f(1, )]
7(x)=1,7(y) =0and ({(y) =1 or {(x) = 0)
+ > p(x, ML, &) —f(n, O]

&(x)=1,¢4(y) =0and (5(y) =1 or n(x) =0)

Theorem 2.1. Suppose & is irreducible with respect to p(x, y).
Then the measures V¢ are extremal invariant if and only if Y. n(x)/
[14+7(x)]*= 0.

Proof. The discussion on p. 383 of IPS shows that if > 7(x)/
[1+7(x)]* < oo then the measures v are not extremal invariant giving us
one direction of the theorem. We will prove the other direction.

Assume throughout that 0 < ¢ < co. Since the measures v¢ are invariant
and since all bounded continuous functions can be approximated uniformly
by functions that depend on finitely many coordinates then by Theorem B52
in ref. 9, we need only show that for any two functions f and g which
depend on finitely many coordinates

tim [ B f ) gtn) di = [ £ e [ g v

We claim that to show the above equation holds, it is enough to show
that for any finite 4 = & and for u$ ,(-) =v(- | {n:n(x) =1 Vx e 4})

lim [ S S0 de =v° 8
lim o [ S0 di = ®)
To see this define the measures uf ,(-) =v(- | {#(x) ={(x) Vx € A}) where
{ is a configuration on {0, 1}*. We can write the measure v as a linear
combination

vi= Y L AcHea
(e{0,1}



Extremal Reversible Measures for the Exclusion Process 173

where we use the convention that { =i is the configuration in {0, 1}* such
that {(x) =i for all x € 4. For

P { 1 when 7(x) =1 for all x in the finite set 4
A —

0 otherwise

we have that

im ~ [ B di=1tim L[ a s dits. , d
lim [ fu(0) gn) di = lim - [ " ay [ S(0) g(n) dys, o di

=ffA dvcfgdv”

which proves the claim.

Define ug 4, similarly to the way we defined u] ,. If we assume a fixed
A then we can drop the subscript 4 so as to write u; = u; 4. The rest of the
proof will now argue that (8) holds.

Choose 0 > 0 and couple the processes 7, and &, using the basic cou-
pling starting with measures u; and u so that #, and &, disagree only for
x € A. In particular, since the basic coupling is the coupling which allows #,
and &, to move together as much as possible, then #, and &, can differ at
most at n sites where |4| = n.

If there exists T such that for all T > T

1 r7
7, HiSO{E0) = 1 —S(0){n(0) = 111 di <

then we must have that
N . Lor
lim —j LES({EO0) =1} dt = lim — f 15S(6){n(0) =1} dt.
T-w 1 Jo T-w I Jo

Keeping in mind the way that #, and &, are coupled, irreducibility then tells
us that

lim — (7 usS@e) di = tim ~ 7 peS()d
fim ], iSO di=im 7 [ s d.
But the measure v¢ lies stochastically between the left-hand side and the

right-hand side of the equation above, so in fact we must have that (8)
holds.
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We can therefore assume to the contrary that there exists a > 0 and a
sequence {7, } such that

1 (7
7 | IHSO{E0) = 1} =S {n(0) = 1} de > 6 ©)

for all n.
Pick € > 0 so that

vrE(E0) = 1} —v<{(0) = 1} < 6/3.

Using the basic coupling once more, couple the processes #, and &, starting
off in the measures u{ and v so that A,{(#, &): n(x) <&(x) for all
xe F\A} =1 where 1, is the coupling measure. If 4°=v(- | {n:n(x)=0
for some x € 4}) then

Vve=yui+(1—y) &°
for y =v{n: n(x) =1 Vx € A}. Couple the measures /i° and v°**
similar to 4, so that we get another coupling measure 4,.
Choose a subsequence {7, } so that we can define some limiting
invariant measure

in a way

. |
@ﬁ%iLaww.

n

Let v{ be the #-marginal measure of ®, so that in particular

e 1 |
v = lim 7 s uiS(¢) dr.

k— o ny

To complete the proof of the theorem we will need the following
lemma:
Lemma 2.2. v =y,

Proof of Lemma 2.2. Let f.(n,&)=[1—n(x)]&(x), D, ={(y,&):
n(x) > &(x) at exactly m sites}, and D = J,,5, D,,. If v*¢ 2 v{ then it must
be that w, (D) > 0. We claim that this implies

LZﬂmFQ
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To prove the claim, assume to the contrary that jD > frdw, >0 so
that there exist sites for which #(x) < &(x). Let M be the largest m for
which w,(D,,) > 0. Then by the irreducibility condition and by the fact that
there exist sites for which 7(x) < &(x) we have w,S(¢)(Dy) < w,(D,,) for
t>0. But this is a contradiction to the invariance of w; proving the
claim.

Now if the two processes #, and &, have the measures v¢ and v°*¢
respectively then let @ be the coupling measure for {(#,, &)} which con-
centrates on v° < v*. For this coupling, the w probability that f,.(y, &) =1
for a given x is equal to the left-hand side below:

(c+e€) n(x) _ cn(x) en(x)
1+(c+e)n(x) 1+cn(x)” [1+(c+e) m(x)]*

Since Y, n(x)/[1+7m(x)]*= oo, by the Borel-Cantelli Lemma the w prob-
ability that Y, f, = oo is equal to 1. The measure w, is absolutely contin-
uous with respect to w since

R
©=yhi+(1=7) b =yor+(1=7) lim — [ ™ 1,5(1) di

where 1, is as defined above. Therefore jE >, fy dw, =0 for any set E
with positive w; measure which contradicts jD >, fr dw; =0 so it must be
that w, (D) = 0 proving the lemma. [

We now turn back to the proof of the theorem. Since by the lemma we
have v°* > v{, then there exists a K such that for all k > K

1 7,
7 | iS@n(0) = 1} di—ve{e(0) = 1} <3/3.

If v is some limiting measure of

1
1,
Ky

T,
f 5 ueS(t) dt
0

c

then an argument similar to that used in Lemma 2.2 shows that v¢~¢ < vg.
There then exists an L such that for / > L

1
T,

ye-efn(0) = 1} — jOT 1eS{EO0) =1} dt < 6/3.

K
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Altogether we have for [/ > L,

1
T,

[ LSO = 1} - SO/ in(©) = 111 dr <5

Ky

which contradicts inequality (9) so it must be that (8) holds completing the
proof of the theorem. |J

3. THE ASYMPTOTICALLY MEAN ZERO PROCESS ON zZ

In this section we prove Theorem 1.1. To do so we will need to define
J as the set of invariant measures for the basic coupling and .7 as its
extreme points.

Recall that f.(n, &) =[1—n(x)] &(x). In order to simplify the notation
we further define the functions

hy(n, O =[1=n(I1-E(N] f.(n, ©),
g, &) =n(y)&(y) fx(n,¢), and
Sy, ) =n(NI1-=E(»)] f:(1, S).

In particular, for 7 a finite subset of & we have

fz(z fxm,z)):— S (p(x )+ P32 fou. ©)

xeT xeT,ye¥

+ Y [p(x,p) 8y —P(,X) 8]

xeT,y¢T

+ Y (3, x) hy—p(x, ) ] (10)

xeT,y¢T

Proof of Theorem 1.1. Let ve.4. Then § Q.cr f.)dv=0 for
each finite T = Z so that for T}, ,; = {x € Z : m < x < n} we get

Y ) +p(3 X)) [ frdv

X€Tjm ), y€Z

= Y pE»[(ge—hd

X €Ttm,n1> ¥ ¢ Tim, n)

+ Y W) [ (hy =g dv. (11

X € Ttm, n]> ¥ € T, n]
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Notice that the left-hand side of this equation is increasing in n and —m, so
that when we take the limit as # — co or as —m — oo, a limit exists.
Choosing € > 0 we can find N so that for n > N:

> Y p(x,x+z)

x>n+N z<n—x

Y X px+—qi@+ X |Z|q1(2)<—

x>n+N z<n—x lz| >N

Y Y p(x,x+z)

O<x<n z>n—x+N

<Y T extn—a@l+ T lHa@<s

0O<x<n z>n—x+N lz| >N

D Y p(x,x+z)

x<0 z>n+N—x

<Y XY e x+2)—g@)+ Y |Z|q2(2)<—

x<0 z>n+N—x |z| >N

and

Y Y p(x,x+z2)

x<—n—N z>—x—n

< Y Y e x+2)—g: (D) + Y IZqu(Z)<—

x<—n—N z>—x—n lz| >N

D Y p(x,x+z)

—n<x<0 z<—x—n—N

< ) Y pGex+2)—g 2+ X IZqu(Z)<—

—n<x<0 z<—x—n—N lz| >N

D Y p(x,x+z)

x=20 z<—n—N—x

<Y Y Ipxx+2)—qi(@+ Y IZIql(Z)<—

x20 z<—n—N-—x |zl >N

Since the construction of the exclusion process assumes that sup, >, p(x, )
is finite (see Chapter VIII in IPS) and since | (g,, —h,,) dv <1, the right-
hand side sums in (11) above are absolutely convergent for any fixed »n and m.

Now by the inequalities above and by (3) we can pass to the limit in
(11) so as to write
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lim Gim ¥ (p )P 0) [ S dv

M =00 BO® yeTp 1 yeZ

=lim ¥ [ql(y—x)j(gxy—hyx) dv+q1(x—y)j(hxy—gyx)dv]

n—o0 xeTp ), y>n

+lim Y [qz(y—x)f (gxy—hyx)dv+q2(x—y)j(hxy—gyx)dv}.

m— —00 x €Ty 03, ¥ <m

The right-hand side above is equal to

!

1
in 13 ¥ a9 [ o) deta =) [ty —g) v

1-w [ n=1 xeTjg . y>n
—k

1
+11m — Z Z [qz(y_x)j(gxy_hyx) dv

k—> 0 m=—1 X €T 01,y <m
+q2(x_y)f(hxy_gYX) dv:| (42

We will devote the next few paragraphs to showing that these limits are in
fact equal to zero.

Define the measures v* and v~ by choosing a subsequence #; so that
the following limits exist:

o1

vt =Ilim — Vv,
jo oo nj 1<xsu;

v~ =lim Yoo
j= In—jl —1>x>n_i

where v, is the x translate of v. In the partial sums of (12) above, for j large
enough each term

0.(y=) [ (8oy—hy) dv

appears |y — x| times when ¢;( y —x) > 0, so we can write (12) as

Z |:qu(2) '[ (goz _hzo) dv+_qu(_z) ‘[ (gzo _hoz) dv+]

zezt

+ % [—zqz(z> [ (=) dv=+20x(—2) | (gzg—hoz)dv} (13)

zeZ™
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Now consider two coupled processes with transition rates equal to
q:(z) and g¢,(z) respectively. The measures v* and v~ are translation
invariant and are also invariant measures for the coupled process with
respect to ¢,(z) and g¢,(z) respectively. In particular if &, is the generator
for the coupled process of ¢,(z), @ is the generator for the coupled process
of p(x, y), and

1 when 7(x) =&(y) =1 for all x in the finite set A4,
fun= y in the finite set B
0 otherwise

then

~ . 1 ~
J“Qlf(A,B) dv, :]}I_I)I; - Z jglf(A+x,B+x) dv

M 1<x<m

.1 ~
=lim — ) jgf(A+x,B+x) dv=0

koo M 1 <x<my,

where A+ x is the x translate 4.
By Lemma VIIL.3.2 in IPS we have ffxy dvt=0 for all x,y. We
can therefore write v* as v*= Ay, +(1—A1) v, where v, concentrates on

{(n, &):n <&} and v, on {(n, &): = &}. Then

[ (=) dvt =4[ (g—h.) dv,

=Av{(n, ©):1(0) =1, n(z) = 0}
—vi{(n, &):n(0) = £(0) =1, n(z) = &(z) = 0}
+vi{(n, &):n(0) = £(0) =1, n(z) = &(2) = 0}
—vi{(n, £): £(0) =1, &(2) = 0}]

= A {(, ):1(0) =1, n(z) = 0}
—vi{(, £): £(0) =1, (z) = 0}].

Because v* is translation invariant and invariant for the process with
rates ¢,(z), v, is also since v, and v, are mutually singular and v* = Ay, +
(1—4) v,. By Theorem VIIL.3.9 in IPS, the marginals of v, are exchange-
able, thus the right-hand side above is equal to a constant ¢* as is the

expression | (g,,—h,,) dv*. Similarly we have that | (g, —h.,)dv~ and
S (g,,—h,,)dv™ are equal to a constant ¢~. Now by the mean zero



180 Jung

assumption, we have that expression (13) is equal to 0, but since (12) and
(13) are equal, we have in fact that

Y (5, ) +p(3, %)) [ foy dv=0 (14)

yeT

for each finite 7 < Z.

By irreducibility, if | f,, dv>0 for some x, y then | f,, dv>0 for
all x, y. Choose x, and y, such that p(x,, y,)+ p( ¥, X,) > 0. By (14) and
the nonnegativity of | f,, dv, we must have that | f, , dv=0 and thus
| f., dv =0 for all x, y. Therefore v € # implies that

v, &:n<Eorn=&)=1.

If Y n(x)/[1+7n(x)]?> = oo we can use Theorem 2.1 to pick u € .%, and
v e .. On the other hand if 3 n(x)/[1+7(x)]* <o we can use the
analysis in the introduction to pick pxe.% and v e 4. Since v{(y, &):
n<&orn=&}=1, Proposition VIIL2.13 in IPS tells us there exists a
coupling with invariant measure v where v has marginals y <v°or g >v°in
the first case and marginals u < v® or u > v® in the second case.

Take first the case where 3, m(x)/[1+7(x)]*= co. Supposing that
1 #v°#v®, we have that there exists a ¢, for which v < g for all ¢, < ¢,
and u < v for all ¢, > ¢,. By the continuity of the one parameter family of
measures {v} it must be that u = v.

If 3. n(x)/[1+7n(x)]?> < oo then we have three cases (i), (ii), and (iii)
as given in the introduction. Theorem VIII.2.17 in IPS proves the first two
cases so we will consider only (iii). If u # v # v then there exists an
ne Z such that either u=v® or v?” < u<v™*V_1If the latter is true then
i concentrates on A = {7: Xver 7(x) < 0, Tygr [1-n(x)] <0} for some
T < S which means that it must be a mixture of stationary distributions for
the Markov chains on 4, as described in the introduction. But u € .4, so it
must in fact be equal to some v® completing the proof. |

We include in this section two more results which have proofs similar
to that of Theorem 1.1. We first need the following definition: given tran-
sition probabilities p(x, y) define the boundary of a set 7 to be

T ={x¢ T :p(x,y)>0 for some ye T }.

Proposition 3.1. Let % be irreducible with respect to p(x, y) and sup-
pose that 3 7(x)/[1+7m(x)]* = co. If there exists a sequence of increasing
finite sets 7, such that () 7, =& and either lim, > ., 7(x)=0 or
lim, ,, > .oz 1/7(x) =0, then £, = {y: 0 < ¢ < o0}.
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Proof. Choose peJ,. If lim,., > . .07 7(x)=0 then couple 7,
with & so that they have the measures x4 and v° respectively. If
lim, , , >, ca7 1/7(x) =0 then couple them vice versa. We will prove the
case in which lim,, , , 3, ;5 7(x) = 0. The other case follows similarly.

By (10),

Y [pCe )+ (3, 0] | S dv

x€eIy,yed

= ¥ e [(ge=hd+ T pn0) [ (hy—g)dv.

x€Tn,y¢Tn x€Tn,y¢Tn

Just as in the above proof, the left-hand side of this equation is increasing
in 7 so that a limit exists as n — oo. The right-hand side above goes to 0 as
n — oo since

Y e [(ge—h)dvt Y p(3,%) [(hy—g) dv

x€Tny¢ Ty X€Tn, y¢Tn
< Y pEn[fid+ T pw|fd
xeT, y¢ T, X€Tn, y¢In

<C ) ny dv+ ) jfy dv<C Y w(y)+ Y w(y).
y€odTy, yedT, y€o0Ty, yedT,
Here C =sup, >, p(x, y) which is finite by the assumptions in the intro-
duction.
Irreducibility now gives us | f,, dv=0 for all x, y. The rest of the
proof just follows that of Theorem 1.1. ||

Note that if we change the hypothesis X, n(x)/[1+7r(x)]*=00 to
S w(x)/[14+7(x)]*< oo then Theorem VIII.2.17 in IPS says that % =
{(r™:0<n< oo},

Corollary 3.2. If in Theorem 1.1 we replaced condition (3) with the
condition that p(x, y) has finite range, lim,_ ., p(x, x+z) =¢q,(z), and
lim,_, _, 7(x) equals O or oo (or alternatively lim,_ _, p(x, x+z) = q,(2),
and lim 7(x) equals 0 or oo) then the result still holds.

X — +00
Proof. Replace expression (12) in the proof of Theorem 1.1 with

k

1
it Y (a0 [ ) dtat-n) [ (g0 dv |

k— o0 n=1 xeTjg . y>n

plm T o0 [ () dip(n) [ Gy =) v |

M= =0 xeTpy, 0y <m
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The proofs of Theorem 1.1 and Proposition 3.1 imply that this expression
is 0. The rest is proven above. ||

Before moving on to the next section let us discuss what the above
results tell us in the case where p(x, y) has finite range on Z. Proposition 3.1
together with Theorem VIIL.2.17 in IPS says that if lim,_, , 7#(x) equals 0
or oo then the reversible measures are the only invariant measures. If the
limits lim,,_, , 7(x) and lim,_, _, 7(x) exist and one of them is nonzero and
finite, then the combination of Theorem 1.1 and Corollary 3.2 imply that
the only invariant measures are the reversible ones. All together we have
the following: if 7(x) exists and has limits in both directions for the finite
range exclusion process on Z, then unless the limit is 0 in one direction and
o0 in the other direction, the only invariant measures are the reversible
ones. Of course, as seen in an example in the introduction, it is also pos-
sible to have lim, _, , p(x, x+z) =¢,(z) and lim,_, _, p(x, x+z) =¢,(z) as
given in Theorem 1.1 and at the same time have the limit of 7(x) to be
0 in one direction, oo in the other. In those cases Theorem 1.1 rules out
nonreversible invariant measures. A similar comment can be made for
Corollary 3.2. We remind the reader, however, that if the transition prob-
abilities are translation invariant with a drift so that the limit of n(x) is 0
in one direction and oo in the other direction, then Liggett” tells us that
{v,: 0 < p <1} is a class of nonreversible invariant measures.

4. THE NEAREST-NEIGHBOR PROCESS ON 7

We now restrict our attention to the nearest-neighbor case. More
specifically, assume throughout this section that we are dealing with the
irreducible nearest-neighbor exclusion process on Z ( p(x, y) = 0 if and only
if |x—y| > 1). In this case, a reversible 7(x) always exists so we need not
make this assumption. Similar to the discussion at the end of the last
section, we will show that if inf,_,_, p(x, y) >0 then the only possible
nonreversible measures are in the case where the limit of n(x) is 0 in one
direction and oo in the other direction.

In order to prove the next two propositions we need the following
lemma which appears in a slightly different form as Corollary 5.2 in
Liggett:?

Lemma 4.1 (Liggett). If inf, ,_, p(x,y)>0 and ve 4., then
exactly one of the following holds:

@ v{(m,E:n=2¢=1,
) v{(n, E):n<En#EL=1,
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© v, &:n=En#é=1,
@ vB) =1,

© v{mO: ¢ meBt=1,

where B = {(y, £): 3x € Z such that 5(y) <&(y) for all y <x,n(y) <&(y)
for some y < x, 5(z) = &(z) for all z > x, 5(z) > &(z) for some z > x}.

Proposition 4.2. If inf,_,_, p(x, y) >0 and zn(x) has some finite,
nonzero limit point as x goes to co and some finite, nonzero limit point as x
goes to — oo, then .Z, = {¥*: 0 < ¢ < o0}.

Proof. The assumptions imply that 3 m(x)/[1+7(x)]*=o so
Theorem 2.1 tells us %, > {v": 0 <c < oo}. We will show the reverse con-
tainment.

Choose a sequence {n,} extending in both directions so that finite,
nonzero limits of 7(n,) exist. For a measure x on {0, 1}* the set of limit
points L, of {u{&(n,) =1}, k > 0} satisfies one of the following properties:

@) L,={1}orL,={0}.

@) L,={1,0}.
(i) L, contains some limit point between 0 and 1.

The same is true for the set of limit points L_ of {u{&(n,) =1}, k <0}.

Now suppose we couple v¢ with another extremal invariant measure y,,
the two measures corresponding to the processes #, and &, respectively.
Since Theorem 2.1 tells us that v° is extremal, Section VIII.2 in IPS implies
there exists a coupling measure such that v € .Z,.

If u, satisfies condition (i) for both L, and L_ then there are two
possibilities: either L, = L_ or L, # L_. Suppose first that L, = L_ = {1}
for u,. If in this case we have that p,{&(z) = 1} <1 for some z then we can
choose ¢ < oo large enough so that v*{n(z) =1} > u {&(z) = 1}. But this
contradicts the assumption that v*{n(n,) =1} =cn(n,)/[1+cn(n,)] has
limits less than 1 for k going to co and —oo. To see this suppose the cou-
pling measure satisfies v(B) = 1 as defined in Lemma 4.1. Given

O<e< l—gim en(ng)/[1+cn(ny)] (15)

we can choose K large enough so that

1—€ <v{(n, &): Ix < K such that n(y) <&(y) Vy <x, n(y) <&(y)

for some y < x, 5(z) > &(z) Vz = x, n(z) > &(z) for some z > x}.



184 Jung

This, however, contradicts L, = 1. Similarly we cannot have that v{(», £):
(&,n)eB}=1. So Lemma 4.1 tells us that # <& which contradicts
vi{n(z) =1} > u,{&(z) = 1}. It must be that p, =v*. A similar argument
shows that if L, = L_ = {0} for g, then p, =".

Consider the second case where L_ # L ; without loss of generality we
will assume that L_ = {0}.

We claim that given € >0, we can find » such that g, {(n) =0} <e
and g, {&(n+1)=0} <e. To see this suppose that for some € >0 there
exists no »n for which this is true. Then since L, = {1}, there are infinitely
many x>0 for which u {{(x) =0} <e/4 and infinitely many y >0 for
which u,{&(y) =0} >e. Choosing v* so that lim, _, ,, cn(n;)/[1+cn(n,)] =
1—¢€/2 gives us a contradiction to Lemma 4.1 and thus proves the claim.

Given the same € >0 we can choose m <n so that p,{&(m—1)=1}
<e. Since we have that ve.Z then jﬁ(zxeT f.)dv=0 for each finite
T = 7. By (10),

Y (e )+ ) [ frudy

m<x<n,yeZ

=3 [y k) () [y g |

x=morn y=m—1orn+l
(16)

which is increasing in n and —m.

Due to our choice of m and n above, |4, ., dv<e and u,{&(m—1)
=1} <€ moreover P(A)—P(AnBnC)<P(B)+P(C°) implies that
vi{n(n+1)=1,n(n) =0} —| g, , dv < 2€ so that

Y (P )P X)) [ fredv

m<x<n yeZ

< p(n, n+1)Jg,,,,,+1 dv—p(n+1, n)jgnﬂ,n dv+3e
<pm,n+1)v{n(n)=1,n(n+1) =0}
—p(n+1,n)v{n(n)=0,n(n+1) =1} +5e.
By the reversibility of v¢
p(n,n+1)v¥{n(n) =1,n(n+1) =0} = p(n+1, n) v{n(n) =0, n(n+1) =1}

so Eq. (16) is in fact equal to 0. Since we have assumed here that L_ = {0}
and L, = {1} for u, then choosing 0 < ¢ < o0 gives us a contradiction.



Extremal Reversible Measures for the Exclusion Process 185

Suppose u, satisfies condition (ii) for either L, or L_ so that either
L, ={0,1} or L_={0, 1}. Choose v* with 0 < ¢ < c0. Again we contradict
Lemma 4.1.

Combining all the above arguments we have that either u, =v°
U, =v%, or u, satisfies (iii) in some direction. Assuming the latter we can,
without loss of generality, choose 0 < ¢, < oo so that

]}im com(m)/[1+con(m)] = llim /ue{é(nk[) =1}.

For all ¢ > ¢,,

]}im en(m)/[1+en(ne)] > llim HeAS(my,) =1}

By Lemma 4.1 either u, < v° or v(B) = 1 where B is defined in the lemma.
Similarly, for all ¢ < ¢,, either u, >v¢ or v{(y, &): (£, n) € B} = 1. Combin-
ing these two arguments gives v < y, < v for all ¢; < ¢, < ¢,. By the con-
tinuity of the one parameter family of measures v¢, u, =v. ||

Proposition 4.3. Ifinf, ,_, p(x, y)>0,lim, , , 7(x) = oo, and 7(x)
has a finite, nonzero limit point as x goes to —oo, then .%, = {v*: 0 < ¢ < 00}.

Proof. Again, by Theorem 2.1 we need only show that ., = {v*: 0 <
¢ < o},

We argue first that without loss of generality we can assume the limit
points of {n(x), x <0} are all finite. Assume to the contrary that oo is a
limit point. For any R>0 we can find x <—R such that min(z(x),
n(x+1)) > R since inf,,_,_, p(x, y) > 0. The conditions of Proposition 3.1
are then satisfied so that .%, = {v: 0 < ¢ < oo} holds.

Couple v¢ with another extremal invariant measure y,, the two mea-
sures corresponding to the processes #, and &, respectively. As argued
above there exists a coupling measure such that v € .%,.

Let L~ be the the set of limit points of {x {(x) =1}, x<0}. Note
that L~ is slightly different from L_ described in Proposition 4.2 in that L _
is the set of limit points for a subset of {x, {&(x) =1}, x <0}. L~ satisfies
one of the following properties:

(1) L~ contains some limit point between 0 and 1.
@) L~ ={1,0}.
(i) L~ ={1}.
(ivy L~ ={0}.

The same is true for the set L* of limit points {x,{&(x) =1}, x > 0}.
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Suppose L~ satisfies (i). Choose a sequence x, » —oo so that 0<
lim, , , . {&(x,) =1} <1 exists. Since we can assume that the limit points
of {n(x), x <0} are all finite, there exists a subsequence {x, } such that
lim, _, ,, 7(x,, ) < oo exists.

Consider the two cases where lim, _, ,, 7(x,, ) = 0 and where lim, _, ,, 7(x,, )
> 0. Assume the latter case first. Choose 0 < ¢, < o0 so that

]}im com(x,,)/[1+con(x,,)] = lim p{&(x,)=1}.
For all ¢ > ¢,,
lim cn(x, )/[1+ecn(x, )] > lim g {(x,)=1}.
k— n—co

Using the argument at the end of Proposition 4.2, we have that for all
¢ < ¢y <y, V< 4, < v2. Consequently, it must be that y, = v.

Now assume that lim,_, ,, 7(x, ) =0 so that for all 0 < ¢ < oo the cou-
pling satisfies either v* < u, or v{B} =1 where B is given in Lemma 4.1. If
v u, for all 0 <c < oo then u, =v>, a contradiction to L~ satisfying (i).
So it must be that v{B} = 1.

We claim that for any r <1 there exists m <0 such that p,{&(m)
=1} >r and p {&(m—1)=1}>r. By the hypothesis of the theorem we
can choose a sequence {x;} going to —oo so that 0 <lim,_, , 7(x;) < oo
exists. If inf), ,_, p(x, y) > p then choose ¢ so that

cpr(x;) 1—r

li >
Ig?o 1+ cpn(x;) T+ 2

Since 7n(x;,—1) > pn(x;), it follows that the set of limit points of
=D >0} is bounded below by r+'3”. Now since v{B} =1 there

1+cn(x;—1)°
exists a K such that /> K implies p,{&(x;) =1} >r and p {&(x,—1) =1}
> r which proves the claim. .
Since we have that ve .4, then j Q3 cr fx)dv=0 for each finite

T < Z. By (10),

Y (PG )+, X)) [ frn v

m<x<n,yeZ

= Z |:P(xa y)f(gxy_hyx) d""‘l’(}’a x)j(hxy_gyx) dV:|
x=morn,y=m—1orn+l
which is increasing in n and —m.
Using the claim above along with the fact that lim, _ , 7(x) = o0, we
can argue just as we argued in the case where L_ # L, of (i) in Proposi-
tion 4.2, to get
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Y (PG )+ ) [ fondy

m<x<n yeZ

<p(m5 m_l)ng,m—l dv—p(m_la m)fgm—l,m dv+3€

< p(m,m—1)v¢{n(m) =1, n(m—1) =0}
—p(m—1,m)v¢{n(m) =0, n(m—1) =1} +5e.

By the reversibility of v¢ the left-hand side must be 0, but this contradicts
v{B} =1.

Suppose L~ satisfies condition (ii). Choosing v¢ with 0 < ¢ < oo gives
us a contradiction to Lemma 4.1.

If L~ satisfies condition (iii) then we will handle the two cases (a)
L*={1} and (b) L* # {1}. Considering case (a) if we switch the coupling
so that u, corresponds to #, then we have that the right-hand side of the
following inequality goes to 0:

Y pe» [ (e—h)dv+ Y p(r0) [ (hy =g dv

x| =n, [y =n+1 x| =n,yl=n+1

< Y () [, v (17)

I =n, |yl =n+1

By (10) and by irreducibility we get | f,, dv =0 for all x, y. The measure
4, must lie stochastically above all v¢ for all finite ¢ and must therefore be
equal to v®.

If (b) holds then we refer the reader to the argument given above in
the case where L~ satisfies (i) and lim, _, , 7(x,, ) =0.

Finally suppose that (iv) holds so that L™ = {0}. If L* satisfies (i) or
(i) then by Lemma 4.1, u, < v for all ¢ > 0 so that u, =v°, a contradiction.
If L* satisfies (iv) then similarly u, =v°. Let L* satisfy (iii) so that
L*={1}. For a given z choose ¢ small enough so that v’{5(z) =1} <
u&(z)=1}. We thus have that v{(n, &):({,n)eB}=1 as given in
Lemma 4.1. But by (10) and (17), for a given € > 0 we can find —m and n
large enough so that

Y () +p(3, ) [ fredv<e

m<x<nyeZ

which of course contradicts v{(#, £): ({,7) e B} =1. |
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Proof of Theorem 1.2. Note first that since inf,_,_, p(x, y) >0
then it cannot be that ¥~ or £* is equal to {0, co}. In light of this fact, if
either &~ or ¥ contains a finite, nonzero point then Proposition 4.2 and
analogs of Proposition 4.3 imply there are no nonreversible measures. If
Ft=%"={0} or * =" = {0} then Proposition 3.1 implies there are
no nonreversible measures. |

5. A RESULT CONCERNING DOMAINS OF ATTRACTION

Theorem 5.1. Let 3, n(x)/[1+7(x)]*>= 0 and let @ be a proba-
bility measure on [0, c0]. Also, assume that v, is a family of invariant
measures indexed by ¢ > 0 each of which is in .Z,. Suppose {x,} is a family
of probability measures on {0, 1}” such that for each 0 <c< oo, g, is
absolutely continuous with respect to v,. If

u= JOOO u.o(de) and v= JOOO v,w(dc) (18)

then lim; , ,, £ [§ 4S(¢) dt exists and is equal to v.

Proof. For a fixed ¢ we first prove that

lim —1 S dt = 1
U(1) dt . 9

Let 2 be the set of all measures. By the compactness of £ we can
choose a sequence of times such that

1 o
lim — j 1.S(t) dt (20)
t, Jo

n—ooo I,

converges in distribution to some measure A. Pick a continuous (and there-
fore bounded) function f on {0, 1} with || f|| < 1 and let g be the Radon—
Nikodym derivative of u. with respect to v,. Given € > 0 we have that for »
large enough

Ho [ r)ga, dz—jfd,a‘ <e/3.

We can choose a simple function
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approximating g such that (J, E,={0,1}", >0, [gdv,=1, and
S lg—8| dv. <€/3. Since ||S(2) f|| < |If]| <1 this gives us

<j lg—g| dv, <e/3.

Sl g =[] 5w 1) gav.ar

Without loss of generality we can henceforth assume that v,(E,) >0
for each k. Define the measure x4, concentrating on E, by letting

v.(ANE)

w(A) = v.(E,)

If we think of g as the Radon—Nikodym derivative of some measure A,
with respect to v, then we can write

N N

Z Ve(Ep) tye =V, and Z eV (Ep) te = Ae.

k=1 k=1

We can now find a subsequence {#, } such that the following limits
exist for each &:

lim — J 0 S() dt =v,.

> n

Moreover, Proposition I.1.8 in IPS tells us v, € .#. Since v, is extremal
invariant and since Y ;. v.(E;) v, =V, it must be that v, = v, for each k.
This then yields

N

Y, (B v, =lim —j A.8(t) dt =v,

k=1 I—e n

which gives us

<€/3

@ g a5 av

for / large enough.
Combining the three inequalities we have

de,l—jfdvc <e
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But € > 0 is arbitrary so it must be that j fdi= j f dv, for each continu-
ous f with || f]| < 1 which implies that (20) is equal to v,. Now let M, be the
closure of the set of measures

{% fOT uS@)dt:T = n}.

Using the compactness of 2 along with the fact that {z,} is an arbitrary
sequence of times causing convergence in (20), we have that (),.y M, =,
proving (19).

To finish the proof note that since [|S(z) f]| <|fl, we can use the
Dominated Convergence Theorem together with Fubini’s Theorem to show
that

lim %f: L”jS(z)fduc wdydi=fav. |

For the following corollary let v, be the product measure with margi-
nals 0 <v,{#: n(x) =1} = a(x) < 1 for a(x) a function on &.

Corollary 5.2. Suppose 3, 7(x)/[1+7(x)]* = 00. If 3, |a(x) — 1705 |
< oo then

im = (7 v.S() dt = v* 21
1mfj0 v S(2) dt =v°. 2n

T -

Proof. Let f(x)= 1172(;2;)’ m, = min[a(x), f(x)], and M, = max[a(x),
B(x)]. We then have

I—a(x)=p(x)| =1-M.+m,
=[(1-M)(1-M )]+ (mm,)'"
<[A-M)(1-m)]"+(m M)
= [(1—a(x)(1 =B 12+ (u(x) f(x))"2.

Since Y, |a(x) — B(x)| < oo then
[T {(a(x) BCN)2+[(A=a(x))(1 =BT} =TT {1=la(x) = B2} > 0.

An application of Kakutani’s Dichotomy tells us that v, is absolutely con-
tinuous with respect to v¢ which completes the proof. ||
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We remark here that if a(x) and S(x) are both bounded away from 0
and 1 then Kakutani’s Dichotomy tells us that 3, [a(x)—B(x)]*< 0 is a
necessary and sufficient condition for v, to be absolutely continuous with
respect to v° (e.g., p. 245 of ref. 4).
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